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Using Bell-inequalities as a tool to explore non-classical physical behaviours, in this paper we anal-
yse what one can expect to find in many-body quantum physics. Concretely, framing the usual cor-
relation scenarios as a concrete spin-lattice, we want know whether or not it is possible to violate
a Bell-inequality restricted to this scenario. Using clustering theorems, we are able to show that a
large family of quantum many-body systems behave almost locally, violating Bell-inequalities (if so)
only by a non-significant amount. We also provide examples, explain some of our assumptions via
counter-examples and present all the proofs for our theorems. We hope the paper is self-contained.
I. INTRODUCTION
Quantum physics features correlations showing no
parallel with classical physics. Bell non-locality and con-
textuality being the most prominent examples. The for-
mer can be understood as a phenomenon in which the
statistics obtained from local measurements acting on
distant parts of a quantum system cannot be replicated
by any model of (local) classical variables [1]. In other
words, the statistics shown by this type of local exper-
iments cannot be reproduced from deterministic strate-
gies, even if aided by shared randomness [2]. The fact
that local deterministic strategies fail to frame scenar-
ios exhibiting non-local data is usually detected through
violations of so called Bell inequalities [1, 3, 4]: linear
combinations of expected values of correlations from lo-
cal measurements with a bound calculated under the as-
sumption of Bell locality. A violation of such inequalities
witnesses the presence of Bell non-locality in the system
(for a review see [4]).
Ultimately, non-locality is only manifest when con-
sidering a scenario involving multiple physical systems,
be them black-boxes in the device independent scenario
or actual quantum systems. In particular, non-locality
in many-body quantum systems has been extensively
explored [5–18], see [19] for a review. For instance, it
has been discussed in the literature how to use non-
locality measurements as an indicator of quantum phase
transitions (QPT’s) in several many-body systems mod-
els [12–15]. In all of these works, Bell correlations be-
tween spin pairs, measured through CHSH inequality
[3], were used to characterize QPT’s. Surprisingly, it was
observed that such inequality was not violated in any of
these models [12–15].
As a matter of fact, considering only the overlap
between many-body quantum systems and the use of
∗ Corresponding author:chumbertosvieira@gmail.com
CHSH-violation as a marker for quantumness, it is
remarkable how rich non-locality is. On one hand,
in Ref. [16] the authors showed for translationally-
invariant lattices, pairs of spins do not exhibit any vi-
olation of CHSH inequality, even though the global
state may be highly-entangled. On the other hand, it
is known that for simple lattices with no translational
symmetry it is, indeed, possible to get CHSH violations
for some pairs of sites [17, 18].
Detection of multipartite non-locality is another ex-
ample of the exchange between many-body physics
and foundations of quantum mechanics. Although it
is known that it is mathematically hard to characterize
non-local effects in more complex Bell scenarios [20], re-
cent work has shown that it is possible to detect multi-
partite non-locality by simpler Bell inequalities, involv-
ing only two-body correlators [21–26]. In particular, in
Ref. [21] is demonstrated that physically relevant states,
such as the ground state of some spin models in many-
body systems, exhibit non-locality for these types of Bell
inequality. In Ref. [27], it was remarked that some ob-
servables from many-body systems, like energy, can be
used as a witness to non-locality. From these tools it was
possible to witness non-locality in a Bose-Einstein Con-
densate of 480 atoms [28] and in a thermal ensemble of
5× 105 atoms [29].
This work is placed exactly at this intersection be-
tween foundations of physics and many-body quantum
mechanics. As a matter of fact, ihere we investigate gen-
eral non-local features in spin lattices. More precisely,
we will show two situations in which regions of the sys-
tem can not show expressive non-locality when mea-
surements are made in sufficiently distant regions of the
lattice: ground states of gapped Hamiltonians and ther-
mal equilibrium states of these latices for high tempera-
ture. We also analyze how violations of Bell inequalities
can arise from the interactions of the spins in a lattice,
when the initial state is product.
The paper is organized as follows: In Section II we
ar
X
iv
:2
00
6.
05
53
7v
1 
 [q
ua
nt-
ph
]  
9 J
un
 20
20
2present our main results followed by a short discussion.
In Section III we give a short review on the necessary
aspects of nonlocality and the clustering theorems for
many-body Hamiltonians. In Section IV we give the
proofs of the results enunciated in Section II, before con-
clusions are shown together with a discussion of future
lines of research, in Section V.
II. RESULTS
This section contains the main results of our work. Ev-
ery definition, lemma and theorem is followed or come
right after a short motivation or justification. This way
we feel this section can stand by itself.
However, we are bridging between two quite well-
established fields, so that we are building our find-
ings upon some common knowledge and jargon com-
ing from many-body quantum systems and foundations
of quantum mechanics. If the reader is not comfortable
with the presentation, we refer them to Section III where
we present the basics necessary for a better hold of our
results.
A. Main Results
The simplest Bell scenario is one in which two
causally-separated agents, Alice and Bob, have available
two dichotomics measurements each. Alice has access
to A0, A1 and Bob has access to B0, B1 [4]. Up to relabel-
ing, the only non-trivial Bell inequality for this scenario
is the CHSH inequality [3]:
〈A0B0〉+ 〈A0B1〉+ 〈A1B0〉 − 〈A1B1〉 ≤ 2. (1)
In this Bell scenario, every system exhibiting an aggre-
gated statistics verifying the inequality in (1) is called lo-
cal and the correlations presented by it can be explained
by a local theory [4]. Non-local quantum features are al-
ready manifest even at this simple scenario, as we know
this inequality can be violated by a particular choice of
measurements and states, with the maximum violation
reaching 2
√
2 [30].
We can realize this Bell experiment via a quantum
spin system. Let Ω be a lattice representing the location
of a finite set of spins, and let HΩ be the Hilbert space
associated with that lattice. Additionally, consider that
the spins interact with each other, this interaction given
by a Hamiltonian operator H acting on HΩ. We will as-
sume that the interactions are short-ranged, that is, the
range of the interactions is small compared to the size
of the lattice. In this experiment, Alice has her action
restricted to a region X ⊂ Ω of the system while Bob
has his action restricted to a region Y ⊂ Ω, as illustrated
in Figure 1. Denote by r the distance between X and
Y, and by |Z| the number of sites in a region Z ⊂ Ω.
Alice’s measurements are operators acting on the lattice
with support in the region X while Bob’s measurements
are also operators acting on the lattice but supported in
Y. Finally, assume also that the norm of these operators
are upper-bounded by 1.
In this setting, the expected values of these measure-
ments are given by
〈
AiBj
〉
ρ
= Tr(ρAiBj) where ρ is
the state of the whole spin system. Thus, denoting
A = {A0, A1} and B = {B0, B1} we can define the fol-
lowing quantities.
BX,YCHSH(ρ, A, B) := 〈A0B0〉ρ + 〈A0B1〉ρ
+ 〈A1B0〉ρ − 〈A1B1〉ρ ; (2)
BX,YCHSH(ρ) = sup
A,B
BX,YCHSH(ρ, A, B), (3)
where we are optimising over all operators Ai, Bi act-
ing on X and Y with ‖Ai‖, ‖Bi‖ ≤ 1. Therefore, if
BX,YCHSH(ρ) ≤ 2 the state ρ is local for this Bell experi-
ment.
Our goal is to use clustering theorems to recover al-
most local behaviours for many-body quantum systems.
We want to guarantee that when the two parts X, Y
are far away from each other, regardless of the rest of
the system, possible violations of CHSH are vanishingly
small. For doing so, we define the following class of
states.
Definition II.1. Given two disjoint regions X, Y ⊂ Ω
and a real number e > 0, a quantum state ρ acting on
HΩ is e-local with respect to CHSH and with relation to
these two regions if
BX,YCHSH(ρ) ≤ 2+ e. (4)
It is important to note that the notion of e-locality
defined above is linked to the X, Y regions. What we
are going to show, though, is that there are important
classes of e-local states, with e  1 regardless of re-
gions, as long as they are sufficiently separated from
each other. Actually, that is a quite natural assumption
in Bell experiments, as assuming the agents are far from
each other ensures that there is no direct causal influence
on the correlations.
The above discussion motivates the definition of a
state states with exponential clustering of correlation
[31–33]:
Definition II.2. A quantum state ρ acting onHΩ shows
exponential clustering of correlations if there are two posi-
tive constants C,λ, so that for any two disjoint regions
X, Y and any pair of operators A, B supported at X, Y
respectively, we have∣∣∣〈AB〉ρ − 〈A〉ρ 〈B〉ρ∣∣∣ ≤ ‖A‖‖B‖|X|Ce−λr. (5)
Remark: For sake of simplicity and to improve the
readability, we are always assuming that |X| ≤ |Y|.
3Figure 1. Bell experiment in a spin system
The general case is obtained by changing from |X| to
min{|X|, |Y|}. As we are more interested in the distance
between the the subsets, we will stick to our assumption
without any loss of generality.
Two important classes of states that has exponential
clustering of correlations are the ground state of a gapped
Hamiltonian (see Theorem 9 below); and the thermal
quantum states at inverse temperature less than a fixed
β∗ (see Theorem 10 below). In fact, theorems of type 9,
10 are ussually called by Clustering Theorems [34].
A state showing exponential clustering of correlations
has small correlations between distant parts. It is there-
fore expected that the non-local correlations will also be
small, the following lemma assure us of this.
Lemma 1. Given two disjoint regions X, Y ⊂ Ω and ρ
a quantum state with exponential clustering of correlations,
then ρ is e-local for CHSH with respect this two regions,
where e = 4|X|Ce−λr.
Recall that the constants C,λ do not depend on the
regions. Therefore, by distancing Bob from Alice, so that
r becomes increasingly larger, e will be as close to zero
as you want.
As mentioned earlier, Theorem 9 ensures exponential
clustering of correlations for the ground state of a gapped
Hamiltonian. So, from Theorem 9 and Lemma 1 we get
our first main result.
Theorem 1. If ρ is the ground state of a gapped Hamiltonian
of the lattice, then there is C,λ > 0 such that given X, Y ⊂ Ω
disjoint regions we have that ρ is e-local state for CHSH with
respect these two regions, where e = 4|X|Ce−λr.
For the same reasons already presented, we will have
a small e if the distance between the parts is large, as
expected in a Bell experiment.
We also can use Theorem 10 and Lemma 1 to show a
similar property for thermal states. However, a thermal
state has additional properties that allow us to show a
stronger result.
Theorem 2. Let ρ(β) be a thermal state acting on the lattice
with a inverse temperature β less than a fixed β∗, and let A be
a set of operators acting on X ⊂ Ω. There is r∗ > 0 such that
given Y ⊂ Ω with r ≥ r∗ we have BX,YCHSH(ρ(β),A,B) ≤ 2
for every set of operators B acting on Y.
Broadly speaking, Theorem 2 is saying that for every
choice of measurements for Alice, if Bob is far enough,
we can not see non-locality in the experiment.
There is another theorem from many body quantum
systems that implies an exponential decay of correla-
tions with the distance (see Theorem 11 bellow). This
theorem bounds the propagation of correlations in the
lattice is when we start from a product state. Applying
Theorem 11 and using similar ideas, as in the proof of
Lemma 1, we can enunciate the following result.
Theorem 3. Suppose the initial state of the system is a prod-
uct state, i.e, ρ(0) = ⊗x∈Ωρx. Then, there is C, v,λ > 0
such that given two disjoint regions X, Y ⊂ Ω then ρ(t)
is e-local for CHSH with respect these two regions, where
e = 4|X||Y|C(eλvt − 1)e−λr.
The constant v is called the Lieb-Robinson velocity
and it represents the maximum effective velocity of
propagation of the information across the lattice [35].
Therefore, we conclude that we will have an effective
local behavior for a time of the order rv .
So far, we have used CHSH as a tool for non-locality
detection. However, some of the previous results can be
promptly generalized to more complex scenarios with
richer Bell inequalities. So, let us consider a scenario
where N spatially separated agents share a quantum
state. Each party i chooses one out of the m possible Mi
dichotomic measurements, and performs it on his part
of the shared quantum state. The reason for restricting
it to dichotomic measurements comes from the fact that
in this case a Bell inequality can be written through cor-
relators [4].
A Bell inequality for this scenario involves the sum of
correlators between many parts at the same time. How-
ever, as discussed in the introduction, there is an interest
in Bell inequalities with correlators of at most two bod-
ies. These inequalities are simpler, and from them it will
be possible to better visualize our results. We will start
from these inequalities and at the end of this section we
will return to the general case.
A general Bell inequality involving correlators of one
and two bodies can be written as:
N,Mi
∑
i,k=1
α
(i)
k
〈
E(i)k
〉
+
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
β
(ij)
kl
〈
E(i)k E
(j)
l
〉
≤ ∆C, (6)
where E(i)k is the k− th measurement of agent i and α
(i)
k ,
β
(ij)
kl , ∆C are real constants, with ∆C the called local bound.
Again, every state whose aggregated statistics respects
this inequality is called local.
This family of Bell inequalities is already capable of
signaling out non-locality for physically relevant states
[21]. It is a fact that in a bipartite scenario where all mea-
surements are dichotomic, all inequalities can be written
in this way. On the other hand, in a multipartite sce-
nario, this class of inequalities is important due to the
4Figure 2. Multipartite Bell experiment in a spin system
ease of implementation in many-body systems models
[28, 29].
Again, we can perform this Bell experiment on a
quantum spin system. Now, each agent i has their action
restricted to a region Xi of the system, as illustrated in
Figure 2. We will indicate by rij the distance between the
regions Xi and Xj. As before, the measurements from
the agent i are operators acting on the lattice with sup-
port in the region Xi and with norm less than or equal
to 1. Let us denote by E(i) the set of measurements op-
erators from agent i, that is {E(i)1 , · · · , E(i)Mi}. Similarly to
(2), (3), we define
BX1,...,XN2Body (ρ, E(1), · · · , E(N)) =
N,Mi
∑
i,k=1
α
(i)
k
〈
E(i)k
〉
ρ
+
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
β
(ij)
kl
〈
E(i)k E
(j)
l
〉
ρ
; (7)
BX1,...,XN2Body (ρ) = sup
E(1),··· ,E(N)
BX1,...,XN2Body (ρ, E(1), · · · , E(N)).
(8)
If BX1,...,XN2Body (ρ) > ∆C then the state ρ shows non-locality
in this configuration of Bell’s experiment. The general-
ization for Lemma 1 is the following.
Lemma 2. Let ρ be a quantum state acting on HΩ show-
ing exponential clustering of correlations. Then, there exist
C,λ > 0 such that for every X1, · · · , XN ⊂ Ω disjoint re-
gions we have
BX1,...,XN2Body (ρ) ≤ ∆C +C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
min{|Xi|, |Xj|}|β(ij)kl |e−λrij .
The conclusion for Lemma 2 is the same as for Lemma
1. Again, the constants involved are independent of the
regions. Therefore, if all regions are sufficiently distant
from each other, we will not be able to see any significant
violation in any of these Bell inequalities.
As we mentioned before, states obey Cluster Theo-
rems also showing exponential clustering of correlation.
Then, using Lemma 2 together with the Theorem 9, the
following generalization from Theorem 1 is obtained.
Theorem 4. If ρ is the ground state of a gapped Hamil-
tonian of the lattice, then is C,λ > 0 such that for every
X1, · · · , XN ⊂ Ω disjoint regions we have
BX1,...,XN2Body (ρ) ≤ ∆C +C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
min{|Xi|, |Xj|}|β(ij)kl |e−λrij .
So, if all parts are far enough, then BX1,...,XN2Body (ρ) will
also have an upper bound as close as we want to the
local bound. Consequently, we will not be able to see
substantial violations of any Bell inequality that only in-
volves correlations of one and two bodies in this kind of
states.
Analogously, using Lemma 2 together with the Clus-
tering Theorem for thermal states, that is Theorem 10,
we get the following result.
Theorem 5. If ρ(β) is a thermal state acting on the lattice
with inverse temperature β less than a fixed β∗, then there
exist C,λ > 0 such that for every X1, · · · , XN ⊂ Ω disjoint
regions we have
BX1,...,XN2Body (ρ(β)) ≤ ∆C +C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
min{|Xi|, |Xj|}|β(ij)kl |e−λrij .
Again, if all parts are far apart from each other, we
have the same conclusion for at most small violations.
As a final result for two-body Bell’s inequalities we
have the generalization of Theorem 3. This generaliza-
tion is also straightfowrward.
Theorem 6. Suppose that the initial state of the system is a
product state, i.e, ρ(0) = ⊗x∈Ωρx. Then, there is C,λ, v > 0
such that for every X1, · · · , XN ⊂ Ω disjoint regions we have
BX1,...,XN2Body (ρ(t)) ≤ ∆C
+ C(eλvt − 1)
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
|Xi||Xj||β(ij)kl |e−λrij .
As we discussed, a general Bell inequality in this sce-
nario can involve a sum of correlators of many bodies.
Actually, we can write it arbitrarily by:
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
γ
(i1,··· ,in)
k1,··· ,kn
〈
E(i1)k1 · · · E
(in)
kn
〉
≤ ∆C.
Thus, analogous to the previous constructions let us
define:
BX1,...,XNBell (ρ, E(1), · · · , E(N))
=
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
γ
(i1,··· ,in)
k1,··· ,kn
〈
E(i1)k1 · · · E
(in)
kn
〉
ρ
;
(9)
5BX1,...,XNBell (ρ) = sup
E(1),··· ,E(N)
BX1,...,XNBell (ρ, E(1), · · · , E(N)).
(10)
Generalization of the previous theorems can be ob-
tained, but first we need to extend the notion of expo-
nential clustering of correlations to when we are consid-
ering the correlations of many bodies at the same time.
The next lemma shows us that the assumptions in Def-
inition II.2 are enough to extend the notion of exponen-
tial clustering of correlations to the case of correlations be-
tween many parts.
Lemma 3. If ρ is a quantum state acting in HΩ with ex-
ponential clustering of correlations then for any set of disjoint
regions X1, · · · , Xn ⊂ Ω and any set of operators E1, · · · , En
supported at X1, · · · , Xn respectively we have∣∣∣〈E1 · · · En〉ρ − 〈E1〉ρ · · · 〈En〉ρ∣∣∣
≤ ‖E1‖ · · · ‖En‖(n− 1)|X|Ce−λr.
where C,λ > 0 are the same constants from the def-
inition of exponential clustering of correlations, |X| =
max{|X1|, · · · , |Xn|} and r = min rij, with rij being the
distance between the regions Xi and Xj.
With this lemma and the same ideas as before, we can
generalize Theorem 4 and Theorem 5. Before that, in
order not to overcharge the notation we will denote by
Γ the following sum of constants:
Γ =
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
(n− 1)
∣∣∣γ(i1,··· ,in)k1,··· ,kn ∣∣∣ . (11)
Theorem 7. If ρ is the ground state of a gapped Hamiltonian
of the lattice, then there exist C,λ > 0 such that for every
X1, · · · , XN ⊂ Ω disjoint regions we have
BX1,...,XNBell (ρ) ≤ ∆C + C|X|Γe−λr.
Theorem 8. If ρ(β) is a thermal state acting on the lattice
with inverse temperature β less than a fixed β∗, then there
exist C,λ > 0 such that for every X1, · · · , XN ⊂ Ω disjoint
regions we have
BX1,...,XNBell (ρ(β)) ≤ ∆C + C|X|Γe−λr.
Thus, if the experiment is carried out in such a way
that all the parts are away from each other, no Bell in-
equality will be significantly violated for these two fam-
ilies of states.
B. Summary of results
Summing up, this section contains our results divided
into three categories.
First, we explored non-locality for spin lattices based
on the CHSH inequality. We have seen in Theorem 1
Figure 3. Representation for the (N, m, o)−scenario.
that if Alice and Bob’s actions are restricted to distant
regions on the lattice, then the ground state of a gapped
Hamiltonian is unable to significantly violate CHSH.
Additionally, in Theorem 2 we saw that thermal states
have an even more restricted behavior, in fact fixed the
measurements of one part, there is a minimum distance
between them so that from which it is not possible to see
violation of CHSH. Now, In Theorem 3, we saw how
non-local correlations are created in time when the ini-
tial system is a product state.
The second bit is a generalization of the first three the-
orems to a scenario with more parties and more mea-
surements for each part. In this case, we restricted our
analysis to Bell inequalities that only involve correlators
of one and two bodies. The conclusions are the same
as those obtained for the previous cases, the exception
being the Theorem 5 where it is no longer possible to
conclude non-violation.
Finally, we dealt with general Bell inequalities. For
this, we adopted some simplifications, one of which was
to look only at the minimum distance between observ-
ables. With that, we enunciate the generalizations of
Theorems 4 and 5.
We invite the reader to check out Section III and Sec-
tion IV. They contain all the mathematical details and
in-depth proofs for the results we approached above.
III. PRELIMINARIES
A. Bell Inequalities
Broadly speaking, in our work we are investigating
non-local aspects of spin lattices via Bell-inequalities.
Centering our attention on the latter, in this section we
cover the basics of what we mean by a non-local corre-
lation.
Correlation scenarios are usually formulated in a
device-independent language [4]. Think of it as a collec-
tion of N black-boxes. Each box comes with m buttons
on the top and o light bulbs at the bottom. Whenever a
button is pressed, one light bulb goes off as a response
to this action. The entire formalism is coined to hidden
the inner physical mechanism of each box. As we do
not have access to the physical details producing an out-
come given that a certain button was pressed, the only
description for this (N, m, o)-scenario is via the aggre-
6gated joint statistics
~p = {p(ab...c|xy...z)} ∈ R(om)N . (12)
Each p(ab...c|xy...z) simply means the joint probability
of getting outcome a out of the first box when the x but-
ton was pressed, and outcome b out of the second box
when the y button was pressed, ..., and outcome c out of
the Nth-box when button z was pressed. See Fig. 3.
The definition of the local set of correlations is moti-
vated in various ways. Particularly, we refer the reader
to the recent [36]. For sake of simplicity, we will go
with an alternative one. If we assume that each of the-
ses boxes is independent of one another, Eq. (12) would
reflect it and factorize as:
p(ab...c|xy...z) = p(a|x)× p(b|y)× ...× p(c|z) (13)
When correlations across the boxes are detected, and
Eq. (13) does not hold true, intuitively we assume that
what is happening is that there is an exogenous variable,
say λ, we are not accounting for, but that in its presence
the independence would manifest:
p(ab...c|xy...z,λ) = p(a|x,λ)× p(b|y,λ)× ...× p(c|z,λ).
(14)
When this is the case, the behaviour we want to look at
is nothing but the average of Eq. (14), in fact:
p(ab...c|xy...z) =
∫
Λ
p(ab...c|xy...z,λ)dµ(λ)
=
∫
Λ
p(a|x,λ)× p(b|y,λ)× ...× p(c|z,λ)dµ(λ). (15)
Eq. (15) above is the very mathematical expression of
what we mean by a correlation to be local. For the fi-
nite case it suffices to consider discrete variables, and by
doing so we replace the integral for a sum:
p(ab...c|xy...z) =∑
λ
p(ab...c|xy...z,λ)q(λ)
=∑
λ
p(a|x,λ)p(b|y,λ)...p(c|z,λ)q(λ). (16)
In a given (N, m, o)−scenario, we say that p(ab...c|xy...z)
is local whenever it verifies equation (16) above. Basi-
cally, it says that there is a hidden-variable we do not
have access to that explains the correlation across the
boxes.
For a fixed (N, m, o)−scenario, the set of local corre-
lations is a polytope, and as such it can be described
through its facets [37]. That is to say that every local
correlation must satisfy a finite set of linear inequalities.
Whenever one of these inequalities is violated, we know
for sure that the correlation we are looking at is not at-
tainable with a local model. Because of his influential
work on locality, these dividing inequalities are usually
known as Bell-inequalities [4].
The bipartite correlation scenario, i.e. the (2,2,2) sce-
nario, has a single Bell inequality, the CHSH inequality
[3]. Satisfying CHSH inequality is a necessary and suf-
ficient condition for a behavior to be local. Note that in
more complex scenarios, the local polytope is a multi-
faceted object and that in order to attest the a certain
correlation is local, we must very all of the facet defin-
ing inequalities [4].
B. Many-Body Quantum Systems and Clustering
Theorems
To define our quantum spin system letΩ be a finite set
of sites that will by called by lattice. Let d be a metric in
Ω, which gives the distance between the sites in the lat-
tice. We associate to each site x inΩ a finite-dimensional
Hilbert space Hx and for each X ⊂ Ω the Hilbert space
associate is given by the tensor productHX = ⊗x∈XHx.
The algebra of observables in X is denoted by L(HX).
The support of an operator A ∈ L(HΩ) is given by
inf{X ⊂ Ω|A = AX ⊗ IΩ/X}, where AX ∈ L(HX), that
is, the support of an operator is given by the smallest
set such that the operator acts as an identity in the com-
plement of that set. An interaction for such a system
is a map h from the set of subsets of Ω to L(HΩ) such
that h(X) has support in X. The Hamiltonian is given by
H = ∑X⊂Ω h(X). The dynamics of the model is given by
A(t) = eitH Ae−itH . Lastly, let R be the maximal distance
for the interactions. This is the general construction of
a finite quantum spin system. The additional assump-
tion is that the interactions are short-ranged, that is, R is
small compared with the size of the lattice.
For this system with specific additional assumptions,
there are classes of states that have exponential cluster-
ing of correlations. The first case is the ground state of a
gapped Hamiltonian [31, 32].
Theorem 9 (Clustering Theorem for gapped ground
state). Let ρ be the ground state of a system with a spec-
tral gap ∆E > 0 above the ground-energy. Then, exist
constants C,λ > 0 such that given two disjoint regions
X, Y ⊂ Ω at a distance r from each other and two operators
A, B ∈ L(HΩ) with support in X, Y respectively, we have
the following bound.∣∣∣〈AB〉ρ − 〈A〉ρ 〈B〉ρ∣∣∣ ≤ ‖A‖‖B‖|X|Ce−λr.
The coefficient C and λ are independent of A and B.
Actually, C,λ depends only on the geometry of the lat-
tice, the maximum interaction energy and the spectral
gap. For this reason, if we move Alice away from Bob
in Theorem 1 e will approach 0. The same argument
applies to the Theorems 4 and 7.
A second class of states with exponential clustering of
correlations are thermal states. A thermal state, or Gibbs
state, of a Hamiltonian H at inverse temperature β is
given by
ρ(β) =
e−βH
Tr(e−βH)
. (17)
7There exist a universal inverse critical temperature β∗,
which is, in particular, independent of the system size,
below which correlations decay exponentially. This pa-
rameter essentially depending on the typical energy of
interaction and the spatial dimension of the lattice (see
[33] for more details). With this assumption, the follow-
ing theorem was shown in [33].
Theorem 10 (Clustering Theorem for thermal states).
Let ρ(β) be the thermal state at inverse temperature β < β∗.
There are constants C(β),λ(β) such that if X, Y are two dis-
joint regions on the lattice at distance r and A, B operator
acting in X, Y respectively, we have∣∣∣〈AB〉ρ(β) − 〈A〉ρ(β) 〈B〉ρ(β)∣∣∣ ≤ ‖A‖‖B‖C(β)e−λ(β)r.
Once again, distancing X from Y does not result in
changes to C(β),λ(β). Because of that and the fact that
rho(β) is full rank, it was possible to find a minimum
distance in Theorem 2 so that, from there, it is not pos-
sible to violate CHSH. An analogous argument applies
to Theorem 5 and 8.
It is important to emphasize that Lieb-Robinson’s
bounds are fundamental in the proof of the two previous
theorems [35]. In this seminar paper, Lieb and Robinson
prove that there is a bound for the maximal effective ve-
locity for the propagation of information in a quantum
spin system with short-range interactions. Another ap-
plication of Lieb-Robinson bounds is in the propagation
of correlations [38]. It is easy to see that if we start with a
product state, there will be no correlations between the
parts of the system. What was shown in [38] is that there
is a bound to how much correlation can be created in
time. This bound grows exponentially with time but de-
creases exponentially with distance. Indeed, they prove
the following result [38].
Theorem 11 (Propagation of Correlations). Let X, Y be
disjoint regions of Ω with r = d(X, Y). Let A, B ∈ L(HΩ)
have support in X, Y ⊂ Ω , respectively, and ρ(0) =
⊗x∈Ωρx be the initial state of the lattice. Then,∣∣∣〈AB〉ρ(t) − 〈A〉ρ(t) 〈B〉ρ(t)∣∣∣
≤ ‖A‖‖B‖|X||Y|C(eλvt − 1)e−λr.
IV. PROOFS
This section contains the proofs of our main theorems.
Results that are known in the literature are not discussed
here. Our readers might want to check [31–33, 38] to find
proofs for theorems 9, 10 and 11.
A. Lemma 1
Lemma 1. Given two disjoint regions X, Y ⊂ Ω and ρ
a quantum state with exponential clustering of correlations,
then ρ is e-local for CHSH with respect this two regions,
where e = 4|X|Ce−λr.
The proof of Lemma 1 follows almost directly from
Definition II.2. Indeed, for each pair of measurements
Ai, Bj from Alice and Bob respectively, we have∣∣〈AiBj〉− 〈Ai〉 〈Bj〉∣∣ ≤ ‖Ai‖‖Bj‖|X|Ce−λr. (18)
But, as Ai and Bj has spectrum in [−1, 1], we have ‖Ai‖
and ‖Bj‖ less or equal to 1. So,〈
AiBj
〉 ≤ 〈Ai〉 〈Bj〉+ |X|Ce−λr. (19)
Replacing in (2):
BX,YCHSH(ρ, A, B) ≤ 〈A0〉 〈B0〉+ 〈A0〉 〈B1〉
+ 〈A1〉 〈B0〉 − 〈A1〉 〈B1〉+ 4|X|Ce−λr.
(20)
Let us denote
B˜X,YCHSH(ρ, A, B) = 〈A0〉 〈B0〉+ 〈A0〉 〈B1〉
+ 〈A1〉 〈B0〉 − 〈A1〉 〈B1〉 . (21)
Therefore,
BX,YCHSH(ρ, A, B) ≤ B˜X,YCHSH(ρ, A, B) + 4|X|Ce−λr. (22)
The term B˜X,YCHSH(ρ, A, B) defined in Eq. (21) above rep-
resents an uncorrelated system and then can be simu-
lated by a classical system. For this reason, this quantity
must respect the CHSH inequality, so that B˜X,YCHSH ≤ 2.
Indeed,
B˜X,YCHSH(ρ, A, B) = (〈A0〉+ 〈A1〉) 〈B0〉
+ (〈A0〉 − 〈A1〉) 〈B1〉
≤ | 〈A0〉+ 〈A1〉 |+ | 〈A0〉 − 〈A1〉 |
= 2 max{| 〈A0〉 |, | 〈A1〉 |} ≤ 2. (23)
Now, putting all these elements together in ineq. (20) we
get
BX,YCHSH(ρ, A, B) ≤ 2+ 4|X|Ce−λr. (24)
Finally, note that the term 4|X|Ce−λr is independent of
A, B and because of that we can optimize over all pairs
A, B without having to care for this term:
BX,YCHSH(ρ) = sup
A,B
BX,YCHSH(ρ, A, B).
≤ 2+ 4|X|Ce−λr. (25)
Summing up, Eq. (25) says that ρ is an e-local state for
CHSH with respect to X, Y where the appropriate e is
given by 4|X|Ce−λr.
8B. Theorem 2
Theorem 2. Let ρ(β) be a thermal state acting on the
lattice with a inverse temperature β less than a fixed β∗,
and let A be a set of operators acting on X ⊂ Ω. There
is r∗ > 0 such that given Y ⊂ Ω with r ≥ r∗ we have
BX,YCHSH(ρ(β),A,B) ≤ 2 for every set of operators B acting
on Y.
To find a proof for Theorem 2, start recalling that The-
orem 10 guarantees us that the thermal states show ex-
ponential clustering of correlations. That is to say that they
satisfy the hypothesis of Lemma 1. So, from Eq. (22):
BX,YCHSH(ρ(β), A, B) ≤ B˜X,YCHSH(ρ(β), A, B) + 4|X|Ce−λr,
(26)
where, now, the expected values are obtained with the
Gibbs state.
Once again, we have an upper bound for CHSH as
close as we want to the local bound, as long as we
consider the parts sufficiently distant from one another.
Nonetheless, we can go beyond that and guarantee non-
violation. For this, we will use the thermal state prop-
erty to be full rank.
Alice’s measurements are dichotomics, so that for
each i ∈ {0, 1} there is a POVM {E(−1)i , E(1)i } such that
Ai = E
(1)
i − E(−1)i . It is known that if Alice’s pair of
measurements commute, they will not violate CHSH
[4]. Therefore, if Ai = ±1 , being 1 the identity opera-
tor, then for every quantum state CHSH inequality will
not be violated. Hence , suppose A0 and A1 different
from ±1 . Thus, neither E(1)i = 0 nor E(−1)i = 0 holds
true. Other than that, as ρ(β) is a full rank matrix and
also a density matrix, it follows that ρ(β) is definite pos-
itive. Additionally, we also have that E(1)i and E
(−1)
i are
positive semi-definite non-null. Then Tr
(
ρ(β)E(1)i
)
and
Tr
(
ρ(β)E(−1)i
)
are strictly positive, and smaller than 1.
For this reason,
〈Ai〉 = Tr
(
ρ(β)E(1)i
)
− Tr
(
ρ(β)E(−1)i
)
< Tr
(
ρ(β)E(1)i
)
< 1, (27)
and
− 〈Ai〉 = −Tr
(
ρ(β)E(1)i
)
+ Tr
(
ρ(β)E(−1)i
)
< Tr
(
ρ(β)E(−1)i
)
< 1. (28)
Using this fact in (23):
B˜X,YCHSH(ρ(β), A, B) ≤ 2 max{| 〈A0〉 |, | 〈A1〉 |} < 2, (29)
which shows that there is δ > 0 such that:
B˜X,YCHSH(ρ(β), A, B) ≤ 2− δ. (30)
Therefore, replacing in (22), we have:
BX,YCHSH(ρ(β), A, B) ≤ 2− δ+ 4|X|Ce−λr.
Note that so far we have not used anything about Bob’s
operators. If Bob is far, or to be more exact, if r ≥ r∗,
where r∗ = 1λ ln
(
4|X|C
δ
)
, then BX,YCHSH(ρ(β), A, B) ≤ 2.
Thus, we will not see any violation of CHSH for thermal
states as long as we take the measurements far enough.
C. Theorem 3
Theorem 3. Suppose the initial state of the system is a
product state, i.e, ρ(0) = ⊗x∈Ωρx. Then, there is C, v,λ > 0
such that given two disjoint regions X, Y ⊂ Ω then ρ(t) is
e-local for CHSH with respect these two regions, where e =
4|X||Y|C(eλvt − 1)e−λr.
The proof of this theorem is completely analogous to
that of Lemma 1. Indeed, for Theorem 11 we have:〈
AiBj
〉 ≤ 〈Ai〉 〈Bj〉+ |X||Y|C(eλvt − 1)e−λr. (31)
Thus, applying the same ideas used from equation
(19), the result is concluded.
D. Lemma 2
Lemma 2. Let ρ be a quantum state acting on HΩ show-
ing exponential clustering of correlations. Then there exist
C,λ > 0 such that for every X1, · · · , XN ∈ Ω disjoint re-
gions we have
BX1,...,XN2Body (ρ) ≤ ∆C + C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
|Xi||β(ij)kl |e−λrij .
The proof we discuss in this section follows the same
argument we used to prove our first lemma. Using the
definition of a state with exponential clustering of corre-
lations, for each pair of measurements from different
agents, we get:
〈
E(i)k
〉 〈
E(j)l
〉
− C|Xij|e−λrij ≤
〈
E(i)k E
(j)
l
〉
≤
〈
E(i)k
〉 〈
E(j)l
〉
+ C|Xij|e−λrij ,
(32)
for all i, j ∈ {1, · · · , N} with i 6= j, where |Xij| =
min{|Xi|, |Xj|}. Thus, given µ ≥ 0:
µ
〈
E(i)k E
(j)
l
〉
≤ µ
〈
E(i)k
〉 〈
E(j)l
〉
+ µC|Xij|e−λrij
= µ
〈
E(i)k
〉 〈
E(j)l
〉
+ |µ|C|Xij|e−λrij . (33)
9On the other hand, if µ < 0:
µ
〈
E(i)k E
(j)
l
〉
≤ µ
〈
E(i)k
〉 〈
E(j)l
〉
− µC|Xij|e−λrij
= µ
〈
E(i)k
〉 〈
E(j)l
〉
+ |µ|C|Xij|e−λrij . (34)
So, for every µ ∈ R:
µ
〈
E(i)k E
(j)
l
〉
≤ µ
〈
E(i)k
〉 〈
E(j)l
〉
+ |µ|C|Xij|e−λrij . (35)
Applying this inequality in Eq. (7), we have
BX1,...,XN2Body (ρ, E(1), · · · , E(N)) =
N,Mk
∑
i,k=1
α
(i)
k
〈
E(i)k
〉
+
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
β
(ij)
kl
〈
E(i)k
〉 〈
E(j)l
〉
+ C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
|Xij||β(ij)kl |e−λrij .
Define:
B˜X1,...,XN2Body (ρ, E(1), · · · , E(N)) =
N,Mk
∑
i,k=1
α
(i)
k
〈
E(i)k
〉
+
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
β
(ij)
kl
〈
E(i)k
〉 〈
E(j)l
〉
.
So again, B˜X1,...,XN2Body (ρ, E(1), ..., EN) represents an uncor-
related system and as such, it must respect the local
bound. Therefore,
BX1,...,XN2Body (ρ, E(1), ..., EN) ≤ ∆C
+ C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
|Xij||β(ij)kl |e−λrij . (36)
Note the right side of the inequality does not depend on
what measurements have been taken. Therefore, taking
the supreme over them, we have:
BX1,...,XN2Body (ρ) ≤ ∆C + C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
|Xij||β(ij)kl |e−λrij . (37)
E. Theorem 6
Theorem 6. Suppose that the initial state of the system is a
product state, i.e, ρ(0) = ⊗x∈Ωρx. Then, there is C,λ, v > 0
such that for every X1, · · · , XN ⊂ Ω disjoint regions we have
BX1,...,XN2Body (ρ(t)) ≤ ∆C + C
N
∑
i 6=j
Mi ,Mj
∑
k,l=1
|Xi||Xj||β(ij)kl |eλ(vt−rij).
As with Theorem 3, the proof of this theorem is anal-
ogous to that of Lemma 2. Indeed, for Theorem 11 we
have:〈
E(i)k E
(j)
l
〉
≤
〈
E(i)k
〉 〈
E(j)l
〉
+ |Xi||Xj|C(eλvt − 1)e−λrij .
(38)
Thus, applying the same ideas used from equation
(32), the result is concluded.
F. Lemma 3
Lemma 3. If ρ is a quantum state acting in HΩ with ex-
ponential clustering of correlations, then for any set of dis-
joint regnions X1, · · · , Xn ⊂ Ω and any set of operators
E1, · · · , En supported at X1, · · · , Xn respectively we have∣∣∣〈E1 · · · En〉ρ − 〈E1〉ρ · · · 〈En〉ρ∣∣∣
≤ ‖E1‖ · · · ‖En‖(n− 1)|X|Ce−λr.
where C,λ > 0 are the same constants from the def-
inition of exponential clustering of correlations, |X| =
max{|X1|, · · · , |Xn|} and r = min rij, with rij being the
distance between the regions Xi and Xj.
As ρ is a state with exponential clustering of correla-
tion, we have that:∣∣〈EiEj〉− 〈Ei〉 〈Ej〉∣∣ ≤ C|Xi|e−λrij ≤ C|X|e−λr, (39)
for all i, j ∈ {1, · · · , n}. But, more than that, as the
minimum distance between the supports of the observ-
ables is r, given {Ei1 , · · · , Eik}, we have that Ei1 · · · Eik−1
is an observable supported in X1
⋃ · · ·⋃Xk−1 and the
distance between this larger region and the Xk is still at
least r. Thus, again by the definition of a state with ex-
ponential clustering of correlations:∣∣∣〈Ei1 · · · Eik〉− 〈Ei1 · · · Eik−1〉 〈Eik〉∣∣∣ ≤ C|X|e−λr. (40)
From this result, we will show by induction that for ev-
ery k ∈ {1, · · · , n}:∣∣〈Ei1 · · · Eik〉− 〈Ei1〉 · · · 〈Eik〉∣∣ ≤ (k− 1)C|X|e−λr. (41)
The case k = 1 is trivial and the case k = 2 follows from
(39). Suppose then, by induction, that the result is true
for k = m− 1 < n, that is:∣∣〈Ei1 · · · Eim−1〉− 〈Ei1〉 · · · 〈Eim−1〉∣∣ ≤ (m− 2)C|X|e−λr.
(42)
Multiplying this equation by 〈Eim〉, we have:
− (m− 2) |〈Eim〉|C|X|e−λr
≤ 〈Ei1 · · · Eim−1〉 〈Eim〉 − 〈Ei1〉 · · · 〈Eim〉
≤ (m− 2) |〈Eim〉|C|X|e−λr. (43)
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Recalling that −1 ≤ 〈Eim〉 ≤ 1, we can get rid of each〈Eim〉 in the chain above:
− (m− 2)C|X|e−λr
≤ 〈Ei1 · · · Eim−1〉 〈Eim〉 − 〈Ei1〉 · · · 〈Eim〉
≤ (m− 2)C|X|e−λr. (44)
From (40) we have
−C|X|e−λr ≤ 〈Ei1 · · · Eim〉− 〈Ei1 · · · Eim−1〉 〈Eim〉
≤ C|X|e−λr. (45)
Thus, adding (44) and (45), we have
−(m− 1)C|X|e−λr ≤ 〈Ei1 · · · Eim〉− 〈Ei1〉 · · · 〈Eim〉
≤ (m− 1)C|X|e−λr. (46)
That is,∣∣〈Ei1 · · · Eim〉− 〈Ei1〉 · · · 〈Eim〉∣∣ ≤ (m− 1)C|X|e−λr.
(47)
And so, we concluded the result by induction.
G. Theorem 7
Theorem 7. If ρ is the ground state of a gapped Hamil-
tonian of the lattice, then there exist C,λ > 0 such that for
every X1, · · · , XN ⊂ Ω disjoint regions we have
BX1,...,XNBell (ρ) ≤ ∆C + C|X|Γe−λr.
From Theorem 9 and Lemma 3 we have:
γ
(i1,··· ,in)
k1,··· ,kn
〈
E(i1)k1 · · · E
(in)
kn
〉
≤ γ(i1,··· ,in)k1,··· ,kn
〈
E(i1)k1
〉
· · ·
〈
E(in)kn
〉
+ |X|Ce−λr(n− 1)
∣∣∣γ(i1,··· ,in)k1,··· ,kn ∣∣∣ .
Then, applying this inequality in (9), we have
BX1,...,XNBell (ρ, E(1), · · · , E(N)) ≤
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
γ
(i1,··· ,in)
k1,··· ,kn
〈
E(i1)k1
〉
· · ·
〈
E(in)kn
〉
+ C|X|e−λr
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
(n− 1)
∣∣∣γ(i1,··· ,in)k1,··· ,kn ∣∣∣ .
(48)
Let us define:
B˜X1,...,XNBell (ρ, E(1), · · · , E(N)) =
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
γ
(i1,··· ,in)
k1,··· ,kn
〈
E(i1)k1
〉
· · ·
〈
E(in)kn
〉
.
(49)
So again, B˜X1,...,XNBell (ρ, E(1), ..., EN) represents an uncorre-
lated system and as such the local bound must be pre-
served. Therefore,
BX1,...,XNBell (ρ, E(1), ..., EN) ≤ ∆C + C|X|Γe−λr, (50)
where
Γ =
N
∑
n=1
N
∑
i1 6=···6=in=1
Mi1 ,··· ,Min
∑
k1,··· ,kn=0
(n− 1)
∣∣∣γ(i1,··· ,in)k1,··· ,kn ∣∣∣ . (51)
The right side of the inequality (50) does not depend on
what measurements have been taken. Therefore, taking
the supreme over them, we have.
BX1,...,XNBell (ρ) ≤ ∆C + C|X|Γe−λr. (52)
H. Theorem 8
Theorem 8. If ρ(β) is a thermal state acting on the lattice
with inverse temperature β less than a fixed β∗, then there
exist C,λ > 0 such that for every X1, · · · , XN ⊂ Ω disjoint
regions we have
BX1,...,XNBell (ρ(β)) ≤ ∆C + C|X|Γe−λr.
The proof of this theorem is the same as that of the
previous one, the only change is in the use of Theorem
10 in place of Theorem 9.
V. CONCLUSION
In this paper we investigated non-local aspects of
many-body quantum systems. More precisely, using
clustering theorems, we demonstrated that relevant
classes of quantum states are unable to signal non-
locality considerably.
First, exploring the CHSH scenario for spin-lattices,
we were able to show that for agents acting only on dis-
tant regions of the lattice, the ground state of gapped
Hamiltonians cannot exhibit significant violations of
any Bell-inequality. Second, we also managed to prove
that for thermal states this behaviour is even more re-
strictive, as there is a minimum distance between re-
gions that screens-off any non-local effect. Finally, we
discussed how come non-local correlations evolve in
time when the initial state is a simple product state.
Scenarios with more parties and more measurements
were also investigated, but to generalize the results
above we had to focus only on Bell-inequalities involv-
ing one-body and two-body correlators. A more com-
plete generalization is given in thm. 7 and thm.8, and
we invite the reader to check them out.
It is natural to ask why we have assumed gapped sys-
tems to begin with. Remarkably enough, there is an ex-
ample in the literature showing this is an assumption we
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needed to demand. In ref. [18], the ground state of a lat-
tice with short-range interactions is considered, and it is
observed that pairs of distant sites do have a violation of
CHSH close to the quantum bound. We hope the math-
ematical toolbox we have provided here can be used to
explain why there is this discrepancy between gapped
and un-gapped systems when considering non-local as-
pects.
Speaking of further works, considering open quan-
tum systems rather than closed ones as we did here,
in ref. [39] the authors generalized both the clustering
theorem for gapped ground states (thm. 9 above) and
the propagation of correlations (thm. 11 above). Be-
cause these were basic results we built our results upon,
we believe that it is also possible to restate thms. 1, 3,
4, 6, and 7 into the framework of open quantum sys-
tems. For being more realistic, functioning also a toy-
model for quantum memories, we believe that the local
aspects of shown by our results can become even more
pronounced in this new scenario.
In conclusion, the main message we wanted to put out
with this work is that under certain physical assump-
tions, a large family of quantum systems with many
parts behave as classical, local systems. We hope this
paper can make a bridge between rather abstract foun-
dations of quantum physics and more palpable many-
body quantum physics. This interchange benefiting
both areas.
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